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Abstract
For a Tychonoff space X, we denote by Cp(X) the space of all real-valued continuous functions on X with the topology of
pointwise convergence. In this paper, we study the κ-Fréchet Urysohn property and the weak Fréchet Urysohn property of Cp(X).
Our main results are that (1) Cp(X) is κ-Fréchet Urysohn iff X has property (κ) (i.e. every pairwise disjoint sequence of finite
subsets of X has a strongly point-finite subsequence). In particular, if Cp(X) is a Baire space, then it is κ-Fréchet Urysohn;
(2) among separable metrizable spaces, every λ-space has property (κ) and every space having property (κ) is always of the
first category; (3) every analytic space has the ω-grouping property, hence for every analytic space X, Cp(X) is weakly Fréchet
Urysohn.
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1. Introduction
We assume that all spaces are Tychonoff. We denote by N the set of natural numbers, R,P and Q are respectively
the space of real numbers, the space of irrational numbers and the space of rational numbers. The symbol C is the
Cantor set. For a set X, [X]<ω is the set of finite subsets of X. Unexplained notions and terminology are the same as
in [5].
For a space X, we denote by Cp(X) the space of all real-valued continuous functions on X with the topology of
pointwise convergence. Basic open sets of Cp(X) are of the form
[x1, . . . , xk;U1, . . . ,Uk] =
{
f ∈ Cp(X): f (xi) ∈ Ui, i = 1,2, . . . , k
}
,
where xi ∈ X and each Ui is an open subset of R. Since Cp(X) is a topological vector space, it is homogeneous. Many
interesting characterizations of topological properties of Cp(X) can be found in Arhangel’skii’s survey [1].
A space X is said to be κ-Fréchet Urysohn if for every open subset U of X and every x ∈ U , there exists a sequence
{xn}n∈ω ⊂ U converging to x. The letter “κ” is not a cardinal. This notion was introduced during a seminar at Ohio
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is κ-Fréchet Urysohn. An arbitrary power of R is κ-Fréchet Urysohn by [17, Theorem 3.1]. Hence, for an uncountable
discrete space D, Cp(D) = RD is a κ-Fréchet Urysohn space which is not Fréchet Urysohn. We note that not every
closed subspace of a κ-Fréchet Urysohn space is κ-Fréchet Urysohn. Some interesting results on κ-Fréchet Urysohn
spaces can be found in [11].
A space X is said to be weakly Fréchet Urysohn (or X has the Reznichenko property) [12] if for every A ⊂ X and
every x ∈ A−A, there exists a pairwise disjoint family {An}n∈ω of finite subsets of A such that for every neighborhood
U of x, {n ∈ ω: U ∩ An = ∅} is finite. This notion was introduced in 1996 by E.G. Reznichenko at Arhangel’skii’s
seminar. Obviously every Fréchet Urysohn space is weakly Fréchet Urysohn. There exists a countable weakly Fréchet
Urysohn space which is not Fréchet Urysohn [12, Example 1.7].
A characterization of the Fréchet Urysohn property of Cp(X) was given by Gerlits and Nagy [8]. Let us recall two
notions introduced in [8]. A family U of subsets of a space X is said to be an ω-cover of X if for every F ∈ [X]<ω ,
there exists U ∈ U with F ⊂ U . An open ω-cover is an ω-cover of open subsets. A space X is said to have property
(γ ) if for every open ω-cover U of X, there exists a sequence {Un}n∈ω ⊂ U with X =⋃n∈ω⋂mn Um. Every space
having property (γ ) is Lindelöf.
Theorem 1.1. ([7, Theorem 4], [8, Theorem 2]) For a space X, the following are equivalent:
(1) Cp(X) is Fréchet Urysohn;
(2) Cp(X) is sequential;
(3) X has property (γ ).
Assuming Martin’s Axiom, every subset of R having cardinality less than the continuum has property (γ ) [8,
Model 2, p. 160] and a construction was given by Galvin and Miller of a subset X ⊂ R of cardinality the continuum
which has property (γ ) [6, Theorem 1]. There exists a model of ZFC in which every subset of R having property (γ )
is countable [8, Model 1, p. 160]. For a compact space X, Cp(X) is Fréchet Urysohn iff X is scattered [8, Corollary,
p. 158]. Thus, for a compact space X ⊂ R, Cp(X) is Fréchet Urysohn iff X is countable. For more results on spaces
having property (γ ), see [16].
In view of Theorem 1.1, it is interesting to determine a property of X which characterizes the κ-Fréchet Urysohn
property of Cp(X) and compare it with other special subsets of R.
2. The κ-Fréchet Urysohn property of Cp(X)
In this section, we present a characterization of the κ-Fréchet Urysohn property of Cp(X).
For a subset A of a space X, let s0(A) = A and for each ordinal α ∈ ω1, we take sα(A) to be the set of limits
of convergent sequences in
⋃
β∈α sβ(A). The set s(A) =
⋃
α∈ω1 sα(A) is said to be the sequential closure of A. In
other words, the sequential closure of A is the smallest subset of X which includes A and is closed under limits of
convergent sequences. A sequential space is a space satisfying A = s(A) for any subset A.
A family {Aα}α∈κ of subsets of a set X is said to be point-finite if for every x ∈ X, {α ∈ κ: x ∈ Aα} is finite.
A family {Aα}α∈κ of subsets of a space X is said to be strongly point-finite if for every α ∈ κ , there exists an open
set Uα of X such that Aα ⊂ Uα and {Uα}α∈κ is point-finite. A space X is said to have property (κ) if every pairwise
disjoint sequence of finite subsets of X has a strongly point-finite subsequence. Let {Fn}n∈ω be a pairwise disjoint
sequence of finite subsets of a space X and assume that there exists a positive integer M such that |Fn| M . Then
obviously the sequence {Fn}n∈ω has a strongly point-finite subsequence.
Theorem 2.1. For a space X, the following are equivalent:
(1) Cp(X) is κ-Fréchet Urysohn;
(2) the sequential closure of any open set of Cp(X) is closed;
(3) X has property (κ).
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{Fn}n∈ω be a pairwise disjoint sequence of finite subsets of X. Suppose that no subsequence of {Fn}n∈ω is strongly
point-finite. For each n ∈ ω, let
Gn =
{
f ∈ Cp(X): f (Fn) ⊂ (n+ 1,∞)
}
and let G =⋃n∈ω Gn. Since each Gn is open in Cp(X), G is open in Cp(X). Note Gn = {f ∈ Cp(X): f (Fn) ⊂
[n + 1,∞)}. Assume fj ∈ Gnj , j ∈ ω, and nj = nj ′ for j = j ′. Then Fnj ⊂ f−1j (nj ,∞). Since we are supposing
that no subsequence of {Fn}n∈ω is strongly point-finite, the family {f−1j (nj ,∞)}j∈ω is not point-finite. Hence there
exists a point x ∈ X contained in f−1j (nj ,∞) for infinitely many j ’s. This means nj < fj (x) for infinitely many j ’s,
so {fj }j∈ω does not converge to any point in Cp(X). As a result, we have:
s(G) =
⋃
n∈ω
s(Gn) ⊂
⋃
n∈ω
Gn.
Obviously c0 /∈⋃n∈ω Gn, hence c0 /∈ s(G). Since it is easy to check c0 ∈ G, the sequential closure of G is not closed.
This is a contradiction.
(3) → (1): Since Cp(X) is homogeneous, we have only to show that Cp(X) is κ-Fréchet Urysohn at c0. Suppose
c0 ∈ G−G, where G is an open subset of Cp(X). For every f ∈ G, take distinct points z0, . . . , zk ∈ X and non-empty
open intervals W(f ; z0), . . . ,W(f ; zk) of R satisfying
f ∈ G(f ) = [z0, . . . , zk;W(f ; z0), . . . ,W(f ; zk)]⊂ G.
Let A(f ) = {zi : f (zi) = 0, i  k} and B(f ) = {zi : f (zi) = 0, i  k}. Note that B(f ) = ∅ for every f ∈ G, because
of c0 /∈ G.
Claim. For any F ∈ [X]<ω and any n ∈ N, there exists f ∈ G with f (F ) ⊂ (− 1
n
, 1
n
), in particular W(f ; z) ∩
(− 1
n
, 1
n
) = ∅ for every z ∈ F ∩B(f ).
Indeed, consider the neighborhood N = {f ∈ Cp(X): f (F ) ⊂ (− 1n , 1n )} of c0. By c0 ∈ G, there exists f ∈ N ∩G.
The f satisfies f (F ) ⊂ (− 1
n
, 1
n
), hence W(f ; z)∩ (− 1
n
, 1
n
) = ∅ for z ∈ F ∩B(f ).
By using the claim above, we construct a sequence {fn}n∈ω ⊂ G inductively, as follows. Suppose that
f0, . . . , fn−1 ∈ G are found. Then for n and the finite set B(f0) ∪ · · · ∪ B(fn−1), by the claim, there exists fn ∈ G
such that for every z ∈ (B(f0)∪ · · · ∪B(fn−1))∩B(fn), W(fn; z)∩ (− 1n , 1n ) = ∅.
For every n ∈ ω, let
Cn = B(fn)−
(
B(f0)∪ · · · ∪B(fn−1)
)
and Dn = B(fn)−Cn.
For the pairwise disjoint sequence {Cn}n∈ω, we can take a strongly point-finite subsequence {Cnj }j∈ω. Let {Uj }j∈ω
be a point-finite open family of X such that Cnj ⊂ Uj and Uj ∩ (Dnj ∪ A(fnj )) = ∅. For every j ∈ ω, let Vj be an
open subset of X such that Dnj ⊂ Vj and Vj ∩ (Uj ∪A(fnj )) = ∅.
For every j ∈ ω, we take gj ∈ Cp(X) satisfying gj (X − Uj) = {0} and for every z ∈ Cnj , gj (z) ∈ W(fnj ; z).
Since {Uj }j∈ω is point-finite, {gj }j∈ω converges to c0. Moreover, for every j ∈ ω, we take hj ∈ Cp(X) satisfying
hj (X−Vj ) = {0}, for every z ∈ Dnj hj (z) ∈ W(fnj ; z)∩(− 1nj , 1nj ) and hj (X) ⊂ (− 1nj , 1nj ). Since {hj }j∈ω uniformly
converges to c0, {gj + hj }j∈ω converges to c0. It is easy to see that gj + hj ∈ G(fnj ) ⊂ G. Thus Cp(X) is κ-Fréchet
Urysohn. 
Corollary 2.2. If every countable subset of X is closed in X, then Cp(X) is κ-Fréchet Urysohn.
A space is said to be a P-space if every Gδ-set is open. It is known that every Lindelöf P-space has property (γ ) [8,
Lemma, p. 157].
For Y ⊂ R, we put Cp(X;Y) = {f ∈ Cp(X): f (X) ⊂ Y }. By the same proof as Theorem 2.1, we can obtain the
following theorem.
Theorem 2.3. Let X be a zero-dimensional space. Then the following are equivalent:
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(2) For every pairwise disjoint sequence {Fn}n∈ω of finite subsets of X, there exist a subsequence {Fnj }j∈ω of {Fn}n∈ω
and a point-finite clopen family {Uj }j∈ω of X such that Fnj ⊂ Uj .
Corollary 2.4. For a zero-dimensional space X, Cp(X) is κ-Fréchet Urysohn iff Cp(X; {0,1}) is κ-Fréchet Urysohn.
A space X is said to be a Baire space if for each sequence {Gn}n∈ω of open dense subsets of X, ⋂n∈ω Gn is dense
in X. An arbitrary power of R is a Baire space. In general, there is no relation between a Baire space and a κ-Fréchet
Urysohn space. Recall that a family {Aα}α∈κ of subsets of a space X is said to be strongly discrete if for every α ∈ κ ,
there exists an open set Uα of X such that Aα ⊂ Uα and {Uα}α∈κ is discrete [14, p. 377]. The theorem below is due
independently to van Douwen [4], Pytkeev [18] and Tkachuk [23].
Theorem 2.5 ([4,18,23]). For a space X, the following are equivalent:
(1) Cp(X) is a Baire space;
(2) every pairwise disjoint sequence of finite subsets of X has a strongly discrete subsequence.
Hence we immediately obtain the following.
Proposition 2.6. If Cp(X) is a Baire space, then it is κ-Fréchet Urysohn.
3. Spaces having property (κ)
In this section, we investigate the class of spaces having property (κ). We refer to [15] for unexplained special
subsets of R.
A separable metrizable space X is said to be a λ-space [10, p. 517] if every countable subset of X is a Gδ-set of X.
Every Sierpin´ski set of real numbers is a λ-space [15, 10.1]. In ZFC, there exists a λ-space (indeed a λ′-set) of real
numbers of cardinality ω1 [15, p. 215]. A subset A of a space X is said to be of the first category in X if A =⋃n∈ω An
and each An is nowhere dense in X. A separable metrizable space X is said to be always of the first category if every
dense in itself subset A of X is of the first category in itself [10, p. 516]. For a subspace X of a separable metrizable
space Y , X is always of the first category iff for every perfect set P of Y (i.e. P is dense in itself and closed in Y ),
the set P ∩X is of the first category in P [10, Theorem 1, p. 516]. The latter condition is usually said to be perfectly
meager [15, p. 213]. It is easy to see that every λ-space is always of the first category.
Now we show that the class of spaces having property (κ) is between λ-spaces and spaces always of the first
category. For this purpose, we use the following lemma. Its proof is simpler than our original proof, and was suggested
by K. Tamano.
Lemma 3.1. The space Q has a pairwise disjoint cover {Fn}n∈ω of non-empty finite subsets of Q such that for every
infinite A ⊂ ω, ⋃n∈A Fn is dense in Q.
Proof. Identify the Cantor set C with {0,1}ω. For every f ∈ {0,1}ω, let supp(f )= {n ∈ ω: f (n) = 1}. For every
n ∈ ω, we set Fn = {f ∈ {0,1}ω: n ∈ supp(f ) and supp(f ) ⊂ {0,1, . . . , n}}. Consider the subspace X = {f ∈
{0,1}ω: supp(f ) is non-empty and finite}. Since X is countable, dense in itself and metrizable, it is homeomor-
phic to Q [5, 6.2.A(d), p. 370]. The pairwise disjoint cover {Fn}n∈ω of non-empty finite subsets of X is a desired
one. 
Theorem 3.2. Every λ-space has property (κ), and every separable metrizable space having property (κ) is always
of the first category.
Proof. Let X be a λ-space and let {Fn}n∈ω be a pairwise disjoint sequence of finite subsets of X. Since ⋃n∈ω Fn
is countable, we can put
⋃
n∈ω Fn =
⋂
n∈ω Gn, where each Gn is open in X and Gn+1 ⊂ Gn. For every n ∈ ω, let
Hn = Gn − (F0 ∪ · · · ∪ Fn−1). Then Fn ⊂ Hn and {Hn}n∈ω is point-finite.
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category in itself. Since A is a dense in itself separable metrizable space, A contains a dense subspace D homeo-
morphic to Q [5, 6.2.A(e), p. 371]. By Lemma 3.1, there exists a pairwise disjoint family {Fn}n∈ω of finite subsets
of D such that for every infinite I ⊂ ω, ⋃n∈I Fn is dense in D. Note that ⋃n∈I Fn is also homeomorphic to Q. Take
a strongly point-finite subsequence {Fnj }j∈ω of {Fn}n∈ω. Let {Uj }j∈ω be a point-finite open family of X such that
Fnj ⊂ Uj . For each j ∈ ω, take a sequence {Gj,k}k∈ω of open sets of X such that Fnj =
⋂
k∈ω Gj,k , Gj,k+1 ⊂ Gj,k
and Gj,0 ⊂ Uj . Let Gk =⋃j∈ω Gj,k for each k ∈ ω. Then we can easily see that⋃j∈ω Fnj =⋂k∈ω Gk . Consider the
cover {A − Gk, {x}: k ∈ ω, x ∈⋃j∈ω Fnj } of A. Since each element of the cover is nowhere dense in A, A is of the
first category in itself. 
A subset X of R is said to be a Lusin set if it is uncountable and for every set A of the first category in R, A∩X is
countable. Assuming the continuum hypothesis, there exists a Lusin set, for example refer to [15, Theorem 2.1].
Corollary 3.3. Let X be R,P,C or a Lusin set. Then Cp(X) is not κ-Fréchet Urysohn.
Proof. Note that in any case, being always of the first category is not satisfied. 
Theorem 3.4. Let X be a first countable space having property (κ). If X does not contain any Gδ-set that is homeo-
morphic to Q, then X is scattered.
Proof. Suppose that X is not scattered. Let Y be a closed dense in itself subset of X. Since X is first countable,
Y contains a countable dense in itself subset Z. Since Z is a countable, dense in itself and metrizable space, it is
homeomorphic to Q [5, 6.2.A(d), p. 370]. By Lemma 3.1, take a pairwise disjoint cover {Fn}n∈ω of non-empty finite
subsets of Z such that for every infinite A ⊂ ω, ⋃n∈A Fn is dense in Z. Choose a strongly point-finite subsequence{Fnj }j∈ω and a point-finite open family {Uj }j∈ω of open sets of X such that Fnj ⊂ Uj . By the first countability of
X and the point-finite property of {Uj }j∈ω, the set D =⋃j∈ω Fnj is a Gδ-set of X. Since D is dense in itself, it is
homeomorphic to Q. 
A space is said to be hereditarily Baire if every closed subspace is Baire. If a space is hereditarily Baire, then it
does not have any Gδ-set homeomorphic to Q.
Corollary 3.5. Let X be a first countable space having property (κ). If X is hereditarily Baire, then it is scattered.
Note that neither the Michael line [5, 5.1.32] nor the Sorgenfrey line [5, 1.2.2] has Gδ-sets homeomorphic to Q.
Corollary 3.6. Let X be the Michael line or the Sorgenfrey line. Then Cp(X) is not κ-Fréchet Urysohn.
We see that the class of spaces having property (κ) behaves like the class of λ-spaces.
Proposition 3.7.
(1) Property (κ) is hereditary for subspaces;
(2) Let f :X → Y be a one-to-one continuous map. If Y has property (κ), then X also has property (κ);
(3) If every point of X has a neighborhood with property (κ), then X has property (κ). In particular, property (κ) is
preserved by topological sums;
(4) Property (κ) is finitely productive.
Proof. The statements (1) and (2) are trivial.
(3) Let U be an open cover of X such that each element has property (κ). Let {Fn}n∈ω be a pairwise disjoint
sequence of finite subsets of X. The set
⋃
n∈ω Fn is covered by a countable subfamily of U , and note that the union of
finitely many elements of U has property (κ). Hence, without loss of generality, we may assume that U is countable
and increasing. Let U = {Un}n∈ω, where Un ⊂ Un+1.
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U0}n∈B0 is strongly point-finite. Let {G(n,0)}n∈B0 be a point-finite open family of X such that
Fn ∩U0 ⊂ G(n,0) ⊂ G(n,0) ⊂ U0.
Let l0 be the least element of B0, and choose n1 with Fl0 ⊂ Un1 . We take an open set V (l0) of X such that
Fl0 −U0 ⊂ V (l0) ⊂ V (l0) ⊂ Un1, V (l0)∩G(l0,0) = ∅.
Next, by applying property (κ) of Un1 to the family {Fn ∩ (Un1 − U0): n ∈ B0 − {l0}}, we can take an infinite
B1 ⊂ B0 − {l0} such that {Fn ∩ (Un1 − U0)}n∈B1 is strongly point-finite. Let {G(n,n1)}n∈B1 be a point-finite open
family of X such that
Fn ∩ (Un1 −U0) ⊂ G(n,n1) ⊂ G(n,n1) ⊂ Un1 , and G(n,n1)∩G(l0,0) = ∅.
Let l1 be the least element of B1, and choose n2 with Fl1 ⊂ Un2 and n1 < n2. We take an open set V (l1) of X such
that
Fl1 −Un1 ⊂ V (l1) ⊂ V (l1) ⊂ Un2 , and V (l1)∩
(
G(l0,0)∪ V (l0)∪G(l1,0)∪G(l1, n1)
)= ∅.
Now by continuing this operation, we obtain:
Fl0 ⊂ G(l0,0)∪ V (l0) = W0,
Fl1 ⊂ G(l1,0)∪G(l1, n1)∪ V (l1) = W1,
Fl2 ⊂ G(l2,0)∪G(l2, n1)∪G(l2, n2)∪ V (l2) = W2,
...
It is not difficult to see that the open family {Wn}n∈ω is point-finite in X. Therefore X satisfies property (κ).
(4) Essentially what we have to show is that the square of a space having property (κ) has also the property. Let
X be a space having property (κ) and let pi :X × X → X (i = 1, 2) be the projection onto the ith coordinate. Let
{Fn}n∈ω be a pairwise disjoint sequence of finite subsets of X×X. Suppose that Fn0 , . . . ,Fnj are already constructed.
Take a finite subset G of X such that Fn0 ∪ · · · ∪ Fnj ⊂ G × G. Choose Fnj+1 satisfying Fnj+1 ∩ (G × G) = ∅, and
put
F 1nj+1 =
{
(x, y) ∈ Fnj+1 : x /∈ G
}
, F 2nj+1 =
{
(x, y) ∈ Fnj+1 : y /∈ G
}
.
Obviously Uj+1 = {F 1nj+1,F 2nj+1} is a cover of Fnj+1 .
Inductively we obtain a subsequence {Fnj }j∈ω and a cover Uj = {F 1nj ,F 2nj } of Fnj such that both {p1(F 1nj )}j∈ω
and {p2(F 2nj )}j∈ω are pairwise disjoint. Then there exists an infinite A ⊂ {nj }j∈ω satisfying that both {p1(F 1k )}k∈A
and {p2(F 2k )}k∈A are strongly point-finite. This means that {Fk}k∈A is strongly point-finite. 
Corollary 3.8. Every scattered space has property (κ).
Proof. Let X be a scattered space with the scattered height η and let X(α) be the αth derivative of X. We prove
by the induction on the scattered height of X. If η = 1, then X is discrete. So X trivially satisfies property (κ).
Assume that every scattered space with the scattered height less than η has property (κ). If η is a limit ordinal, then⋂
α∈η X(α) = ∅. Since each member of the open cover {X−X(α): α ∈ η} of X has property (κ), by Proposition 3.7(3)
X has property (κ). If η is a successor ordinal, let η = ζ + 1, X(ζ) is closed and discrete in X. Since X − X(ζ) is an
open subspace of X with property (κ), X has property (κ). 
It is known that every Lindelöf scattered space has property (γ ) (in fact, even the stronger property (β)) [8, p. 158].
Property (γ ) is preserved by continuous mappings and every space having property (γ ) is zero-dimensional [8,
Corollary, p. 157]. These statements are not true in the class of spaces having property (κ). Indeed, under the contin-
uum hypothesis, R is a one-to-one continuous image of a λ-space [10, Theorem 3, p. 519] and there exist λ-spaces
of every finite or infinite dimension [10, Theorem 5, p. 520]. An n-dimensional λ-space can be constructed in Rn+1.
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dimensional, it would contains a non-empty open interval of R [5, 7.4.18]. This is a contradiction, because R does not
have property (κ).
Example 3.9. (1) Under the continuum hypothesis, there exists a space always of the first category which does not
have property (κ). Let f :P → P be a one-to-one continuous map such that for every Lusin set L ⊂ P, f (L) is always
of the first category [10, Theorem 2, p. 529]. Take a Lusin set L ⊂ P and consider f (L). It is always of the first
category, but it does not have property (κ). Indeed, if it had this property, by Proposition 3.7(2), L would also have
this property. This is a contradiction.
(2) There exists a space having property (κ) which is not a λ-space. Let [ω]<ω ∪ X ⊂ 2ω be the space having
property (γ ) (hence (κ)) constructed under Martin’s Axiom [6, Theorem 1], where the set X has cardinality contin-
uum. As described after the proof of Theorem 1 in [6], for any open U ⊃ [ω]<ω, X − U has cardinality less than the
continuum. Therefore [ω]<ω is not a Gδ-set of [ω]<ω ∪X.
In [11, Question 4.2], Liu and Ludwig asked whether a κ-metrizable space in the sense of Šcˇepin [20] is κ-Fréchet
Urysohn. The space Cp(R) is κ-metrizable, because it is dense in a power of R, and not κ-Fréchet Urysohn by our
result. Thus it is a counterexample for their question.
There exist other counterexamples for this question. One of them is countable and the other is pseudocompact.
Take a countable dense subset D of R2ω [5, Theorem 2.3.15]. Since D is countable, there exists p ∈ R2ω − s1(D).
Consider the space D ∪ {p}. Since it is dense in R2ω , it is κ-metrizable, moreover obviously not κ-Fréchet Urysohn.
Shakhmatov constructed in [21] a pseudocompact dense subset of a power of unit intervals having the property that
all its countable subspaces are closed. This space is κ-metrizable, but has no non-trivial convergent sequences.
4. The weak Fréchet Urysohn property of Cp(X)
In this section, we study the ω-grouping property of analytic spaces and the weak Fréchet Urysohn property of
Cp(X) over an analytic space X. We use the Baire space ωω to denote the space P.
An ω-cover U of X is said to be non-trivial if X /∈ U . An open ω-cover U of X is said to be ω-shrinkable if for
every U ∈ U there exists a closed set C(U) of X such that C(U) ⊂ U and {C(U): U ∈ U} is an ω-cover of X. By
using these notions, we can characterize the weak Fréchet Urysohn property of Cp(X).
Theorem 4.1. [19, Theorem 6] For a space X, the following are equivalent:
(1) Cp(X) is weakly Fréchet Urysohn;
(2) For every ω-shrinkable non-trivial open ω-cover U of X, there exists a pairwise disjoint sequence {Un}n∈ω of
finite subfamilies of U such that every finite subset of X is contained in some element of Un for all but finitely
many n ∈ ω.
A space X is said to have the ω-grouping property [9] if for every non-trivial open ω-cover U of X, there exists a
pairwise disjoint sequence {Un}n∈ω of finite subfamilies of U such that every finite subset of X is contained in some
element of Un for all but finitely many n ∈ ω.
Corollary 4.2. [19, Corollary 2] If X has the ω-grouping property, then Cp(X) is weakly Fréchet Urysohn.
The author does not know if the converse of this corollary is true [19, Question 4], quoted in [24, Problem 16.1].
Let F be a free filter on ω. Since F is free, F contains all cofinite subsets of ω. By identifying each F ∈ F with
the characteristic function χF :ω → {0,1}, we regard F as a subspace of 2ω homeomorphic to C.
A subspace A of a space X is said to have the Baire property [10, p. 87] if there exists an open set G of X such that
the symmetric difference AG is of the first category (i.e. meager). Obviously every set of the first category has the
Baire property, and it is known that every free filter F on ω having the Baire property is of the first category in 2ω, for
example refer to [2, Theorem 4.1.1].
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(1) F has the Baire property;
(2) There exists a pairwise disjoint sequence {In}n∈ω of finite subsets of ω such that every F ∈ F intersects with In
for all but finitely many n ∈ ω.
For a free filter F on ω, let NF = {∞} ∪ ω be the space topologized by isolating the points of ω and by using the
family {F ∪ {∞}: F ∈F} as a neighborhood base at ∞. By the above theorem, it is easy to see that the space NF is
weakly Fréchet Urysohn iff for any A ⊂ ω satisfying A ∩ F = ∅ for any F ∈ F , the filter FA = {A ∩ F : F ∈ F} on
A has the Baire property in 2A.
We denote by B1(X) the space of all real-valued first Baire class functions on X, and B(X) is the space of all
Borel-measurable real-valued functions on X. Both spaces B1(X) and B(X) are equipped with the pointwise topology.
A separable metrizable space X is said to be analytic if X is a continuous image of ωω.
Lemma 4.4. [13, Proposition 2.1] Let X be a countable space. The following conditions are equivalent:
(a) Cp(X) is analytic;
(b) X can be embedded in Cp(ωω);
(c) X can be embedded in B1(2ω);
(d) X can be embedded in B(S) for some analytic space S.
Now we give the main theorems in this section.
Theorem 4.5. Let B be a non-trivial countable ω-cover of Borel sets of ωω. Then there exists a pairwise disjoint
sequence {Bn}n∈ω of finite subfamilies of B such that every finite subset of X is contained in some element of Bn for
all but finitely many n ∈ ω. In particular, every analytic space has the ω-grouping property.
Proof. Let B = {Bn}n∈ω and for each n ∈ ω let χBn :ωω → R be the characteristic function on Bn. Let X = {c1} ∪
{χBn}n∈ω ⊂ B(ωω), where c1 is the constant function with values 1. Since X is countable, Cp(X) is analytic by
Lemma 4.4.
Let Y = X − {c1}, and let F = {A ⊂ Y : A∪ {c1} is a neighborhood of c1 in X}. Then F is a free filter on Y . Since
Cp(X) is analytic, F is an analytic set of 2Y , see the proof of Corollary 3.6 in [3]. Recall that every analytic space has
the Baire property [10, p. 482, Corollary 1]. Hence F has the Baire property.
By Theorem 4.3, there exists a sequence {An}n∈ω of finite subsets of Y such that {An}n∈ω is pairwise disjoint and
for each F ∈F the set {n ∈ ω: F ∩An = ∅} is finite.
For each n ∈ ω, let Bn be a finite subfamily of B satisfying An = {χB : B ∈ Bn}. Obviously Bm∩Bn = ∅ for distinct
m,n ∈ ω. Let E ∈ [ωω]<ω and consider the open neighborhood [E; (1/2,2)] = {f ∈ B(ωω): f (E) ⊂ (1/2,2)} of c1.
Then the set {n ∈ ω: [E; (1/2,2)] ∩ An = ∅} is finite. Since χB ∈ [E; (1/2,2)],B ∈ B implies E ⊂ B , the sequence
{Bn}n∈ω is a desired one.
Since every open ω-cover of ωω has a countable ω-subcover, ωω has the ω-grouping property. Since the ω-grouping
property is preserved by continuous maps, every analytic space has the ω-grouping property. 
The space ωω has the ω-grouping property, but does not have the Hurewicz property. This solves a problem of
Tsaban [25, Problem 8] (quoted in [24, Problem 10.6]), which asks whether the ω-grouping property implies the
Hurewicz property in all finite powers.
The following theorem answers Question 5 in [19], quoted in [24, Problem 16.2].
Theorem 4.6. For every analytic space X, Cp(X) is weakly Fréchet Urysohn.
Proof. Since every analytic space has the ω-grouping property by Theorem 4.5, Cp(X) is weakly Fréchet Urysohn
by Corollary 4.2. 
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Urysohn, then the filter FA = {A∩F : F ∈F} on A has the Baire property in 2A (i.e. FA is of the first category in 2A).
Proof. For each n ∈ ω, let pn :F → {0,1} be the nth projection and c1 be the constant function to 1. Let X =
{c1} ∪ {pn: n ∈ ω} ⊂ Cp(F; {0,1}). It is not difficult to see that X is homeomorphic to the space NF . Hence NF is
weakly Fréchet Urysohn. Therefore, by Theorem 4.3, we obtain the conclusion. 
Let A ⊂ ω such that |A| = |ω − A| = ω. Let G be a free filter on A which does not have the Baire property, and
let H be the Fréchet filter on ω − A, where the Fréchet filter is the filter consisting of all cofinite sets. Then the filter
F = {G∪H : G ∈ G, H ∈H} on ω has the Baire property, but FA does not have the Baire property.
If F is a free ultrafilter on ω, then F does not have the Baire property [2, Theorem 4.1.1]. Hence we obtain the
following, which also follows from Theorem 4 of [25]: if F is a subbase for a free non-feeble filter on ω, then Cp(F)
is not weakly Fréchet Urysohn.
Corollary 4.8. For every free ultrafilter F on ω, Cp(F; {0,1}) (hence Cp(F)) is not weakly Fréchet Urysohn.
In this paper, a space X is said to be have the ω-grouping property for non-trivial clopen ω-covers if for every
non-trivial ω-cover C of clopen sets of X there exists a pairwise disjoint sequence {Cn}n∈ω of finite subfamilies of C
such that every finite subset of X is contained in some element of Cn for all but finitely many n ∈ ω.
To solve the Kocˇinac–Scheepers’ conjecture posed in [9], Tsaban used the following fact [25, Corollary 3]: If
Cp(X) is weakly Fréchet Urysohn, then X has the ω-grouping property for non-trivial clopen ω-covers. We show
that the ω-grouping property for non-trivial clopen ω-covers characterizes the weak Fréchet Urysohn property of
Cp(X;Y), where Y is 0-dimensional.
Lemma 4.9.
(1) If a space X has the ω-grouping property for non-trivial clopen ω-covers, then the topological sum of two copies
of X also has this property.
(2) Let {Xn}n∈ω be an increasing cover of a space X. If each Xn has the ω-grouping property for non-trivial clopen
ω-covers, then X also has this property.
Proof. (1) Let U be a non-trivial ω-cover of clopen subsets of the topological sum Y = X0 ⊕ X1, where X0 and X1
are the copies of X. For the identity maps ϕi :Xi → X (i = 0,1),
V = {ϕ0(U ∩X0)∩ ϕ1(U ∩X1): U ∈ U}
is a non-trivial ω-cover of clopen subsets of X. By applying the ω-grouping property of X to V , we can find a desired
sequence of finite subfamilies of U .
(2) Let U be a non-trivial ω-cover of clopen subsets of X. If Xn is contained in some element of U for infinitely
many n’s, then we can take {Un}n∈ω ⊂ U with X =⋃n∈ω (⋂m>n Um). Hence we may assume that each cover {Xn ∩
U : U ∈ U} of Xn is non-trivial. For each n ∈ ω, take a sequence {Un,m}m∈ω of finite subfamilies of U such that
Un,m ∩Un,l = ∅ for distinct m, l, and every finite subset of Xn is contained in some element of Un,m for all but finitely
many m ∈ ω. Suppose that n0 < n1 < · · · < nk is a finite sequence in ω and
V0 = U0,n0 , V1 = U0,n1 ∪ U1,n1 , . . . , Vk = U0,nk ∪ U1,nk ∪ · · · ∪ Uk,nk
are pairwise disjoint. Since V0 ∪· · ·∪Vk is finite, there exists nk+1 such that nk+1 > nk and Vk+1 = U0,nk+1 ∪U1,nk+1 ∪· · · ∪ Uk+1,nk+1 is disjoint from V0 ∪ · · · ∪ Vk . The sequence {Vn}n∈ω constructed inductively is a desired one. 
Proposition 4.10. For a space X, the following are equivalent:
(1) X has the ω-grouping property for non-trivial clopen ω-covers;
(2) Cp(X; {0,1}) is weakly Fréchet Urysohn;
(3) For any 0-dimensional space Y ⊂ R, Cp(X;Y) is weakly Fréchet Urysohn.
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Fréchet Urysohn property at c1, where c1 is the constant function with values 1. Let c1 ∈ A − A,A ⊂ Cp(X; {0,1}).
Let C = {f−1(1): f ∈ A}. Then C is a non-trivial clopen ω-cover of X. By applying the condition (1) to C, we can
conclude the weak Fréchet Urysohn property at c1.
(2) → (1): For a non-trivial clopen ω-cover C of X, let A = {χC : C ∈ C}, where χC :X → {0,1} is the characteristic
function on C. Then c1 ∈ A−A. The condition (2) implies the conclusion.
(2) → (3): Every 0-dimensional space Y ⊂ R can be embedded into 2ω. Hence we have only to see that Cp(X;2ω)
is weakly Fréchet Urysohn. Consider the canonical homeomorphism:
Cp
(
X;2ω)≈ Cp
(⊕
n∈ω
Xn; {0,1}
)
,
where
⊕
is the topological sum and Xn = X for n ∈ ω. By Lemma 4.9, ⊕n∈ω Xn satisfies the condition (1). Hence
Cp(
⊕
n∈ω Xn; {0,1}) is weakly Fréchet Urysohn.
(3) → (2): It is trivial. 
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